Quantum-optical research on semiconductor quantum dots puts special emphasis on the measurement of the second-order correlation function g (2) (τ ), arguing that g (2) (0) < 1/2 implies the source field represents a good single-photon light source. We analyze this claim theoretically. A quantum state of light having no projection on the single-photon Fock state can not give a value of g (2) (0) < 1/2. However, with solely the value of g (2) (0), the amplitude of this single-photon projection can be arbitrarily small, owing to vacuum contributions. Yet, one can determine a lower bound on the ratio of single-to-multi-photon emission from g (2) (0). For a fixed ratio of single-to-multi-photon emission, g (2) (0) is artificially enhanced by the vacuum contributions. We derive an effective second-order correlation function, which corrects this enhancement, substantially improving the lower bound. The results are applied to theoretical and realized experimental setups and indicate that the quality of solid-state single-photon sources, at least with respect to this criterion, is often underestimated.
I. INTRODUCTION
Single photons (SPs) are an essential tool in both quantum optics and quantum information. This includes, besides many other things, device-independent quantum cryptography [1, 2] or a photonic quantum network [3, 4] . In terms of the Hanbury-Brown Twiss experiment, where two-photon correlations are measured, SP sources yield zero (at no time delay). Any quantum state, for which a projection on any Fock state vanishes, is nonclassical in the sense of a negative Glauber-Sudarshan P-function [5, 6] . Hence, SPs represent an extreme case of nonclassical light with multiple applications.
Consequently, light sources that emit SPs are highly sought. The first such light source was the fluorescence of single atoms, which provided an almost perfect SP source, but with low intensity and even lower collection efficiency. Evidence of this limitation may be the search for squeezing in fluorescence, predicted for over thirty years [7] , but only recently detected in quantum dots [8] via balanced homodyne correlation measurement [9, 10] . Rydberg states provided a better suitable source, whose light could be manipulated on the slow time scales of electronic decays. They are nowadays implemented in many quantum-information protocols [11] .
More recently, tailored many-body structures, especially low-dimensional semiconductor light sources, such as quantum dots and nitrogen vacancy centers, have been proposed as a new SP source, [12] [13] [14] [15] . Their controllable variety in optical properties can substantially increase the range of applicability of SPs [16] . However, because of their complex inner structure, it is not straight forward to show the SP character of the emission fields of such light sources.
The common approach to test a potential SP source in semiconductor experiments is to determine the second-order correlation function
whereinâ(â † ) represent the annihilation(creation) operator of an analyzed single mode of the field. A deterministic SP source should have g (2) (0) = 0, as this value describes the probability of emitting two photons (or more) at the same time. That said, the criterion used in semiconductor physics for identifying a SP source is g (2) 
This latter criterion is not only surprising from a quantumoptical viewpoint, it also appears without citation or explanation. Even in review articles dedicated to these SP sources, such as [16] , the statement "...the presence of a single quantum emitter can be confirmed by measuring g (2) (0) < 1/2. In practice, measuring g (2) (0) < 1/2 indicates the presence of the n = 1 Fock state..." is neither referenced nor further explained. This lack of context may easily lead to misunderstandings about the quality of information, which can actually be gained from g (2) (0).
Recently, this issue has gathered some attention, as the impact of spectral filtering of the signal on the actual SP character of the light source was analyzed [18] . This is particularly interesting for semiconductor light sources, where often pulsed excitation schemes are used. It also seems necessary in this context to consider, how accurate g (2) (0) is actually determined in a pulsed setup in general, compare [19] for quantumoptical properties of time-dependent electromagnetic fields.
In this work we study this criterion theoretically, i.e., we assume a valid measurement of g (2) (0) and analyze its physical value. We will first show that, indeed, g (2) (0) < 1/2 implies that there is a nonzero SP contribution in the quantum state of light. However, nothing can be said about the absolute probability of obtaining one photon in a photon-number measurement. Yet, it is possible to determine a lower bound for the ratio of single-to-multi-photon emission. If the quantum state of light has a nonvanishing vacuum contribution, this lower bound can be increased substantially and even a lower bound on the absolute probability can be given. We propose a modified, effective second-order correlation functiong (2) (0), derive relative and absolute bounds on the SP-probability, a physical explanation forg (2) (0), and analyze both theoretical quantum states and a few real experiments on semiconductor SP sources. From now on, we will only focus on the value of g (2) (0) and omit the time argument in the notation.
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For any given Fock state |n , n ≥ 1, one can easily calculate
Hence, for any Fock state with n > 1, g (2) will be greater or equal to one half. For the vacuum state, one may use the limit of coherent states to define g (2) := 1. Thus, all basic Fock states, besides |1 follow the criterion g (2) ≥ 1/2, while for |1 , we have g (2) = 0. Any pure quantum state can be written in the Fock basis as a linear combination. Consquently, if a superposition of two arbitrary states (with disjoint Fock statistics) can not yield a lower g (2) than either of its constituents, the proof of the above conjecture would be completed for pure states. Due to the diagonal correlations involved within g (2) superposing two orthogonal, pure quantum states
and the statistical mixture of two arbitrary pure quantum stateŝ
results in the same form for g (2) ,
Finally, if we do not use the fact that |ψ i are pure states and only consider the expectation values themselves in Eq. (3), we can substitute them with general density operatorsˆ i . Hence, the proof of our conjecture would be done for all quantum states if we can show that the right-hand side of Eq. (3) can not become lower than the value of g (2) for either of the two states involved therein. Now, defining g i = g (2) of |ψ i and n i = ψ i |â †â
with r = n 2 /n 1 . Let us further assume without loss of generality that g 2 = tg 1 with t ∈ [0, 1], i.e. g 2 ≤ g 1 . The first derivative of g (2) with respect to p reads as
dp = d dp
The denominator of the derivative is positive for any value of p and r > 0. The numerator is linear in p. Thus, there can be no more than one extreme point. As g (2) can not decrease via a full shift of p from 0 to 1, a value below g 2 thus requires a downward slope of g (2) at p equal 0. That slope can easily be seen from Eq. (5) to be
and is positive due to 0 ≤ t ≤ 1. Hence, g (2) does not decrease at p = 0 and no combination of states can lower the second-order correlation function below g 2 . Thus, we can say as a first result that for g (2) < 1/2, we definitely have a SP contribution, as 1|ˆ |1 > 0.
Note that if we consider two states with t = 1, that is states with different average photon numbers but the same g i , g (2) always increases above g i and maximizes for p = r 1+r . An interesting application of this case is given by two coherent states with different amplitudes. As both have g i = 1, we can easily derive the value of g (2) at the maximum to be
That means, for two coherent states being statistically mixed -which represents a fully classical state -one with large, one with small coherent amplitude, the second-order correlation function scales up limitless. This is an example of a classical state with superbunching to arbitrary orders. The same argument holds for thermal states with g i = 2.
III. AMPLITUDE OF p
With the existence of a nonvanishing SP projection shown, the next step is to quantify the amplitude p of this projection. Unfortunately, including the effects of vacuum, it can be arbitrarily small, independent of g (2) . Consider the following state:
Note that, due to the correlations under study being exclusively diagonal in Fock space, the phases in the prefactors are irrelevant. We easily compute
Solving Eq. (9) for p, we obtain
The maximal value for p is obviously g (2) -dependent. However, q, and subsequently p can be chosen arbitrarily small for any fixed g (2) . For example, in Fig. 1 , we show p, p + q and 1 − p − q over q for a fixed g (2) = 0.1. As one can see, there is no lower bound on p other than zero. Hence, for determining the absolute amplitude of the SP projection, g (2) is insufficient, even as an approximation. 2) = 0.1.
Notwithstanding the above result, the information of g (2) does allow to give a lower bound for the ratio p/q, i.e. the ratio of SP emission probability to multi-photon emission probability. In most semiconductor scenarios it is desirable to have a source with dominantly SP emission, compared to multiphoton emission. A similar bound was proposed in [20] for pulsed excitations. Our result is a generalization based on the value g (2) . Consider now the state in Eq. (8) only with the state |2 being substituted for a general state |ψ 2 with
Again, this does not limit the generality of our results, as phases of orthogonal states are irrelevant for the diagonal corralations measured and general mixed states yield the same results. Analogous to Eq. (10), we find
where n 2 and g 2 are the average photon number and secondorder correlation function of |ψ 2 . Applying the results of the previous paragraph onto |ψ 2 which has only multi-photon contributions, we know n 2 ≥ 2 and g 2 ≥ 1/2, with the equality being given in both cases for |ψ 2 = |2 . Therefore, the ratio of p/q has a lower bound of
Using p = 1 − q − x, x being the vacuum projection, x = 0|ˆ |0 , to solve for q and reinserting the result on the righthand side of Eq. (14), we obtain the q-independent optimal value of this lower bound as
withg
The ratio is dependent on only one parameter, which is, however, not g (2) but a scaled version of it. We find the following general statements: forg (2) = 1/2 this ratio becomes zero, as p = 0 becomes possible. Forg (2) → 0 it becomes infinity as then q → 0. Forg (2) 1 the right hand side can be approximated by (2/g (2) ) − 3. Both functions are depicted in Fig. 2 . One may also invert the question and ask, how lowg (2) has to be to have a desired ratio p/q ≥ N , yielding
Forg (2) ≥ 4/9 we may even have more often multi-photon emission rather than SPs. Assuming a dominant SP emission requires N = 10, we find the upper limit ofg (2) = 11/72 ≈ 0.15.
Without knowledge of x we have to assume x = 0 and set g (2) = g (2) . This leads back to the previous statments for g (2) . However, in view of these results, using g (2) is a bad choice, as the influence of vacuum is substantial. For a light source with 90% vacuum (x = 0.9), g (2) < 5 already yields SP emission, while g (2) = 0.5 actually implies p/q > 37, which would be a very good SP source. On one hand, for a source with high x, one may now say that g (2) < 1/2 does imply to find predominantly SPs, rather than multiple photons. On the other hand, without definite information on the vacuum, the question of how good this source is, is undecidable.
There is a simple physical explanation for this huge influence of x on the SP character of light, which is analyzed in more detail in the appendix. When one fixes the ratio of p/q and varies x, the expectation values in g (2) get scaled down by (1 − x). Overall this implies that g (2) is scaled up 1/(1 − x), which is in turn compensated ing (2) . Usingg (2) thus rescales the correlation to a vacuum-independent parameter. Hence, we callg (2) the effective second-order correlation function from now on. Finally, the inclusion of the vacuum allows to calculate absolute limits for the absolute probability p of SP emission. Setting the right-hand side of Eq. (15) equal to C, we can use q = 1 − x − p ≥ 0 and obtain
Note that such an absolute boundary for p was not possible without knowledge of the vacuum contribution as x could be arbitrarily close to 1.
IV. COMPARISON WITH OTHER WORKS
We discuss some basic examples of known quantum states of light in the appendix to help estimate the quality of our results. This paragraph is devoted to comparison with previous works from the solid-state community. While x should be easily measurable in experiments without resorting to a full quantum-state reconstruction, it is so far usually not the focus of research. Thus, we will carefully extract a lower limit for x from the data in the following references to not overestimate the effect of the vacuum.
In the experiment performed in [21] , the authors use a quantum dot in a high-quality pillar micro cavity, obtaining for low cw-laser power and after subtracting experimental limitations g (2) ≈ 0.08, which is already a very good value with p/q ≥ 22. However, as this is a weakly excited quantum dot, vacuum should be relevant. Taking the fit parameters of the experiment (Rabi frequency Ω = 0.9 µeV, lifetimes T 2 ≈ 2T 1 = 1150 ps) and applying those to the same simple two-level model they used, we roughly find x ≈ 0.58, and thusg (2) ≈ 0.034 and p/q ≥ 56. In this case an already good SP source can be shown to be even substantially better by evaluating the vacuum.
In comparison, consider [22] , wherein the authors experimentally analyze a SP filter changing from SP emission to coherent emission by varying the input laser power. For low laser power g (2) ≈ 0.35, which supposedly shows the beam to be dominated by single photons. Without inclusion of the vacuum this value only implies p/q ≥ 2.5. For this and the following example, we use the relation x ≥ 1 − n, with n the average photon number of the state. Using Fig. 3a from that paper, we find for an input photon number of 0.1 that n ≤ 0.1 and thus x ≥ 0.9. Now we can stateg (2) ≈ 0.035 and p/q ≥ 54. This is almost as good as the results of [21] above. Moreover, if we go to an input photon number of 0.9, they obtained g (2) ≈ 0.5, but still x ≥ 0.6. Hence, we can sayg (2) ≈ 0.2 which is still a far better prospect than the lowpower limit given by the authors. Our results show that not so good SP emitters may only be disgiused as such via strong vacuum contributions.
Finally, we want to look at a theoretical example which does not aim at SP emitters [23] . Therein, the authors analyze a few emitters in a cavity and look at the output field. In particular, Figs. 4 and 6 show the average photon number and g (2) , respectively, for varying temperatures and cavity-emitter coupling strengths for the case of two emitters. Combining both figures and our above analysis we can estimate that SP emission is given in almost every point of the depicted state space, but most interesting is the upper left corner in part (a) of these figures, showing low temperature and high coupling strength. In this region g (2) 4, which is far above the singlephoton limit of 0.5. Yet, with an average photon number of the order of 10 −9 it becomes virtually impossible to observe more than one photon at once, as p/q ≈ 5 × 10 8 . We have gathered all mentioned results in Tab. I. They clearly show how misleading the sole value of g (2) can be in determining the quality of a SP source, whereas the inclusion of the vacuum contribution clarifies this question. 
V. CONCLUSIONS AND OUTLOOK
To reconsider the title question, g (2) (0) < 1/2 tells you that there is a nonzero projection on the SP Fock state, but nothing about its absolute amplitude p. However, one can extract a lower bound on the single-to-multi-photon-emission ratio. A vacuum contribution in the quantum state of light artficially increases the value of g (2) , cloaking actual SP emission. Thus, an effective valueg (2) was derived, which cancels this issue and also yields lower and upper bounds on p. Comparison with experimental results indicates that there are many more promising SP light sources than expected, because the vacuum contribution was previously ignored.
The vacuum contribution automatically became an asset in our calculations that helped to gauge the quality of the SP source. As indicated by the chosen examples the average photon number is an often determined quantity that may also provide further results on the SP character. This and other quantities that are detected in standard experiments each yield their own additional information, but require an individual derivation similar to the case discussed in this work. Performing and tracking these derivations is intended as future work.
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Both cases are depicted in Fig. 4 . It can clearly be seen that these classical states may be applicable for SP emission based on an effective second-order correlation sufficiently below 1/2. Furthermore, our lower bounds appear as very good approximations for n 0.1. Another interesting example is a squeezed vacuum state,
with µ = cosh(S), ν = e iϕ sinh(S), S and ϕ being amplitude and phase of the squeezing parameter, respectively. Independent of that parameter, there is no SP projection in this state, hence p/q = 0. As our results give positive lower bounds on p/q, we requireg (2) ≥ 1/2 for all squeezing parameters. Following the procedure for determining expectation values for squeezed states [24] , we find
x =1/µ.
The second-order corrleation function always stays above 3. However, for the limit of no squeezing, x → 1 and we return the vacuum state without a definite value forg (2) . The first term ing (2) , 3(1 − x), goes strictly monotonuous down to zero and is thus irrelevant for our purpose. For the other part, we first deriveg (2) by µ to find
As the slope is always positive the minimum occurs in the limit µ → 1. Thus, we make a Taylor expansion around this value to eventually find
As expected, for all squeezing parameters,g (2) stays above 1/2.
